High energy single-to few-cycle terahertz pulses enable the exploration of the frontier of science, such as electron acceleration, strong-field physics, and spectroscopy. One important method of generating such terahertz pulses is to use the tilted-pulse-front (TPF) technique. However, due to the non-collinear phase-matching, the large angular dispersion leads to a spatial and temporal break-up of the optical pump, limiting the terahertz generation efficiency and reducing the few-cycle character of the generated terahertz fields. To reduce the effects caused by angular dispersion, multiple schemes with discrete pulse-front-tilt have been suggested. We propose a terahertz generation scheme, where a spatio-temporally chirped (STC) pump pulse is utilized. With our 2D+1 numerical model, we perform a systematic comparative study of the conventional TPF scheme, three discrete TPF schemes, and the STC scheme. This model predicts smaller optimal interaction length and significantly smaller conversion efficiency compared to simple 1D models. We conclude that the STC scheme delivers spatially homogeneous few-cycle terahertz pulses with the highest conversion efficiency. Additionally, given a short interaction length, the discrete TPF schemes cannot outperform the continuous ones. In general, this work gives guidance to choose the most appropriate setup for a given terahertz experiment.
Introduction
The last several decades have witnessed a tremendous increase in the laser-based, high-energy terahertz applications [1] such as spectroscopy [2] , strong field terahertz physics [3, 4] , particle acceleration [5] , electron spin manipulation [3] and phonon resonance studies [6] . Optical rectification is an important method for terahertz generation, where an ultrashort pump laser pulse induces a strong dipole moment via the second-order nonlinear effect. During the interaction of the terahertz and the optical beams, a repeated energy down conversion of pump photons (cascading effect) is possible, leading to broadband terahertz pulse emission with an efficiency close to, or even above, the Manley-Rowe limit [7] . The "tilted-pulse-front" (TPF) technique, a phase matching (PM) method for terahertz generation by optical rectification, or more generally for a noncollinear interaction, brings new possibilities to generate high energy terahertz pulses. In this technique, the intensity front of the optical pump (OP) is tilted with respect to the phase front [8] . The generated terahertz propagates perpendicularly to the TPF [9] . Due to the non-collinear phase-matching, frequency downshifted optical components generated via the cascading effect, possess large angular spread. This leads to a spatial and temporal break-up of the optical pump, limiting the terahertz generation efficiency and reducing the few-cycle character of the generated terahertz fields. Furthermore, due to the material absorption at terahertz frequencies, limited damage threshold of the nonlinear material and the low terahertz photon to pump photon energy ratio, generating high energy terahertz pulses is challenging.
Multiple schemes have been suggested to generate pulsefront-tilt. In this article, we focus on two types of pulse-front-tilt: "continuous", where the TPF forms a continuous plane and "discrete", where the TPF is achieved by discrete beamlet structure. The conventional grating (CG) scheme was proposed and demonstrated in 2002 by J. Hebling et.al. [9] , where a diffraction grating induces angular dispersion onto the optical pump pulse, leading to a pulse front tilt. Shortly after, in 2004, the pulse front tilt caused by spatio-temporal chirp (STC) was proposed by S. Akturk et.al. [10] . In this case, the pulse front tilt is generated by propagating a transversely linear-chirped optical pulse through a dispersive medium. In this method, no angular dispersion occurs. However, this method has not been used to generate terahertz pulses. In 2016, BK. Ofori-Okai et.al. [11] demonstrated a setup consisting of a stair-step reflective echelon (RES) structure instead of a reflective optical grating. The echelon produces a discretely tilted pulse front, decreasing the negative effect of large angular dispersion [11] . In 2017, a multistep phase mask (MSPD) scheme was proposed by Y. Avetisyan et.al. [12] . This scheme splits a single input beam into many smaller time-delayed "beamlets". Compared with the grating method, it decreases the negative effects of the angular dispersion and eliminates the necessity of the imaging optics. In the same year, L. Pálfalvi et.al. performed numerical studies of a nonlinear echelon (NLES) slab [13] , where a stair-step echelon-faced nonlinear crystal is used instead of a nonlinear prism. It is expected that this scheme produces good-quality, symmetric terahertz beams. Recently, the corresponding experiment was demonstrated by PS. Nugraha et.al. in 2019 [14] . The CG and STC schemes generate contineous TPF whereas the RES, MSPM and NLES schemes generate discrete TPF.
In this article, a 2-D+1 (x,z,t) numerical model is used to investigate the effectiveness of the various tilted pulse front schemes. The effect of the vertical dimension (y dimension in Fig. 1 ) is of minor importance in this study [15] . The nonlinear material lithium niobate (LN) is chosen due to its large second order optical nonlinearity. The conversion efficiency and the spatial distribution of the generated terahertz electric fields are presented for the aforementioned 5 schemes. With thorough discussions of the advantages and disadvantages of each scheme, this work gives guidance to choose the most appropriate setup for a given terahertz experiment.
The investigated setups
The illustrations for different tilted-pulse-front schemes are presented in Fig. 1 . For a fair comparison, the OP peak fluence, the OP beam size σ x and the size of the beamlets at the LN input surface (i.e after the optical elements and the imaging system) are set the same for all the schemes. The OP propagates along the z direction and the terahertz propagates along the z direction. The analytical forms of the OP electric fields inside the LN crystal and the second order nonlinear polarisation can be found in the supporting information.
In schemes (a-c) in Fig. 1 , the imaging systems are chosen such that the image of the grating (echelon) overlaps with the tilted pulse front inside the LN crystal [16] . This is considered to be the optimal imaging condition and the analytical expressions can be found in Eqs. (1-3) of the supporting information. The first lens has a fixed focal length f 1 = 300 mm and the second one, close to the LN, has a focal length f 2 . In scheme (e), the TPF is achieved by applying second-order dispersion φ 2 to a spatially chirped OP. Consequently, no initial angular dispersion is induced. The simulation parameters are listed in Table 1 .
Results

Efficiency
Two OP beam sizes, 0.5 mm and 4 mm, corresponding to short and long interaction lengths are analyzed. The two beam sizes are chosen to elucidate the impact of upfront angular dispersion in connection with the short and longer interaction lengths, by solving the 2D+1 coupled nonlinear wave equations [15] . It can be seen in Fig. 2 that the CG scheme loses its advantage for longer interaction length, due to the maximum initial angular dispersion among all the 5 scheme. For the NLES scheme with high input OP fluence, the optimal effective length is L eff ≈ 1/α. When σ x > sin (γ)L eff , the efficiency and the optimal interaction length is nearly independent of the OP beam size. Since the NLES slab creates beamlets at the LN input surface, all of the beamlets experience an almost identical condition i.e similar walk-off distance. Thus, the generated terahertz pulse properties are not related to the OP beam size, which is the unique character of the NLES scheme compared to all the other schemes. The RES and the MSPM schemes are similar from the point of view that the PM is achieved entirely by generating time-delayed beamlets. However, despite the similar interaction length, RES outperforms MSPM in terms of efficiency due to the imaging system and the absence of dis- persion in the mask material. In the MSPM scheme, the OP experiences diffraction and dispersion which modifies the spatial and temporal profiles of the beamlets (see Fig. 3(d) ).
The STC scheme delivers the highest conversion efficiency, since the OP contains zero initial angular dispersion and continuous TPF. However, the STC scheme is only applicable for a small OP beam size due to the limitation in OP bandwidth (see section 4, scheme (e) for more detail).
One can see that for the discrete TPF schemes (NLES, RES, MSPM), the conversion efficiency does not strongly dependent on the OP beam size (or interaction length). With a short interaction length, the conversion efficiency of the discrete TPF schemes can not exceed the continuous TPF schemes. Since the beamlet structure leads to a discrete PM condition i.e the entire arrangement (envelope) of the beamlets forms the TPF, while each individual beamlet itself has an offset with respect to the perfect pulse-front-tilt surface (see supporting information). Additionally, among all the 3 discrete TPF schemes, the NLES scheme delivers the highest conversion efficiency since the beamlets are more tilted towards the pulse-front-tilt surface. Figure 3 shows the impact of angular dispersion onto the OP. The initial angular dispersion condition of the 5 schemes is CG> NLES >RES, MSPM >STC. Figure 3 (f-j) suggest that with a given propagation distance, the OP with larger initial angular dispersion suffers more from temporal and spatial pulse break-up. This spatial and temporal breakup limits the terahertz generation efficiency and reduces the few-cycle character of the generated terahertz fields (see Fig. 4 for details).
Terahertz out-coupling loss
Due to the large terahertz refractive index inside LN (n(Ω 0 ) = 5.2), a significant energy loss of the terahertz pulse propagating from the LN into the air is inevitable. The maximum Fresnel transmission T at the desired terahertz frequency is only T=1 − (n(Ω 0 ) − 1) 2 /(n(Ω 0 ) + 1) 2 = 0.54. However, because of the distortion of the terahertz beams, T is much smaller and is very sensitive to the spatial distribution of the terahertz beam, which is largely dependent on the fluence and size of the OP. The T at the peak of each efficiency curve in Fig. 2 are calculated and the corresponding results are listed in Table 2 .
For all the mentioned schemes apart from NLES, the terahertz fields, generated by OP with lower fluence or smaller beam size, express less spatial inhomogeneity and thus have higher transmission. Besides, larger OP beam size leads to lower terahertz frequency due to longer interaction length, since the absorption of the LN increases with the terahertz frequency (see supporting information). In principle, larger beam size would reduce the angular divergence and thus enhances the transmission. However, increasing the OP beam size does not lead to an strong increase of the terahertz beam size (see Fig. 4 ). Additionally, the resulting larger terahertz beam has worse beam quality due to the variation of interaction length along the transverse dimension x caused by the prism geometry. On the other hand, one can see from Table 2 that the NLES scheme has the highest transmission (especially for large OP beams) owing to the spatially homogeneous terahertz beam quality. 
Analyses of each scheme
To further understand the terahertz generation process with the aforementioned schemes, the terahertz electric fields at the peak of the efficiency curves in Fig. 2 , generated by 0.5 mm and 4 mm OP beam sizes are presented in the following sections. Within the x − z plane, two phase matching conditions need to be satisfied, in order to generate terahertz pulses efficiently (see derivation of PM conditions in the supporting information). One is shown in Eq.(1), where n g is the group velocity refractive index of the LN at center frequency ω 0 and γ is the TPF angle. This condition ensures that the projection of the pump velocity equals to the terahertz velocity [9] . This is also known as velocity matching, which applies to all the schemes discussed.
The other PM condition varies according to the scheme and is given in the following sections respectively. This condition is responsible for creating tilted (average) pump intensity front with the appropriate tilt angle γ.
Scheme (a): conventional grating (CG).
The ease of this setup, the high pulse energies and the controllability of the terahertz properties has made this scheme a strong candidate for generating high energy terahertz pulses approaching the milijoule range [20] . However, the transversal asymmetry of the interaction, in combination with the cascading effect, result in terahertz beams with non-uniform spatial distributions. The CG scheme utilizes the grating induced angular dispersion to form a pulse front tilt [8] . The angular dispersion has two effects on the OP away from the imaging plane i.e increase the OP pulse duration and decrease the TPF angle [21] . These two effects are more pronounced for larger angular dispersion (or broadband OP), leading to the minimum interaction length in the CG Figure 4 Numerical results of the terahertz electric fields generated by different schemes at the peak of the efficiency curves in Fig. 2 are shown. The LN apex is located at x = 0. The figure labels a-e correspond to schemes (a)-(e), respectively. (a1-e1) represent the output terahertz fluence with OP beam sizes 0.5 mm (blue) and 4 mm (red) respectively. The terahertz electric field distributions versus
x generated by 0.5 mm and 4 mm OP are shown in (a2-e2) and (a3-d3) respectively. The terahertz energy transmission at the exit surface of the LN is denoted by T.
Copyright line will be provided by the publisher scheme compared with all the other schemes. The PM condition is given by Eq. (2), where c is the speed of light, β = 2π/ [ω 0 cos (θ o )d] is the first order angular dispersion induced by the grating and θ o is the grating output angle. tan (γ) = β c f 1 /( f 2 n g ) (2) Fig. 4(a1-a3) indicate that, compared to the 0.5 mm OP, the terahertz field generated by 4 mm OP suffers from more transversal spread in terms of fluence and temporal distribution. Furthermore, most of the terahertz energy is contained in the single-cycle region of the terahertz electric field. By increasing the OP spot size by ×8, the terahertz beam size increases only by 50%. This is the main reason of the efficiency drop for large OP beam size as shown in Fig. 2 .
Scheme (b): nonlinear echelon (NLES).
This method is beneficial for generating high energy, large size and spatially homogeneous terahertz beams. The step size of the LN nonlinear echelon along the x and z dimensions are represented by W and H respectively (see Fig.  1(b) ). The PM condition is given by
(3) In order to ensure that the terahertz pulse propagates perpendicular to the entrance and exit surfaces of the planparallel LN slab, the condition H/W = tan (γ) need to be satisfied [13] . With this condition, Eq. (3) reduces to tan (γ) = cβ f 1 / f 2 . Compared with the CG scheme in Eq.
(2), the NLES scheme requires less angular dispersion. Additionally, with different input OP pulse duration, the optimal effective length may differ. Thus, the thickness of the NLES slab should vary accordingly. However, for a given NLES with fixed thickness, this can be adjusted by adapting the pump fluence.
It can be seen from Fig. 4(b1-b3 ) that by changing the OP beam size the generated terahertz beam size changes accordingly. Besides, as long as σ x > sin (γ)L eff is satisfied, the terahertz generation efficiency and the terahertz spectra are independent of the OP beam size, which is a unique property of this scheme. This property enables the possibility of generating high energy terahertz pulses by simply increasing the pump energy and the OP beam size. Additionally, the electric fields show strong single-cycle character homogeneously along the entire transverse dimension x.
Scheme (c): reflective echelon (RES).
The echelon step sizes in z and x dimensions are represented by H and W respectively (see Fig. 1(c) ). The temporal delay between the two neighboring beamlets is 2H/c. This remain unchanged after the imaging system, whereas the transversal spacing between adjacent beamlets reduces from W to f 2 / f 1 W. The PM condition given by Eq. (4). tan (γ) = 2H f 1 /(Wn g f 2 )
(4) It can be seen from Fig. 4(c1-c3 ) that the electric fields distributions are very similar to the CG scheme. However, the terahertz beam size is far larger (∼ ×2) than the one produced by the CG.
Scheme (d): multi-step phase mask (MSPM).
In this scheme, no imaging system is required. The delay of each beamlet is generated by different propagation lengths inside the mask stripes. In the simulation, silica with refractive index of n = 1.45 [22] is chosen as the mask material due to its low dispersion at the OP wavelength. The phase mask step size in x and z dimensions are W and H respectively (see Fig. 1(d) ). This scheme is very similar to the RES scheme. However, the imaging system in the RES scheme guarantees that at the image plane, each beamlet experiences the same condition. In this scheme, the diffraction modifies the beamlets envelope drastically, leading to poor terahertz electric field quality. It can be seen in the comparisons of Figs. 4(c1-c3) and 4(d1-d3) that an imaging system is necessary. This scheme can not outperform the RES scheme. The PM condition is given in Eq. (5) .
Scheme (e): spatio-temporal chirp (STC).
In this scheme, no initial angular dispersion is present, leading to a maximum conversion efficiency among all 5 schemes discussed. However, the input OP pulse has to be broadband and a ELI-ALPS SYLOS laser can be an ideal option.
The full width half maximum (FWHM) of the overall input OP spectral bandwidth is presented in Eq. (6) , which corresponds to a ∼10 fs transform limited pulse. For a fair comparison, the local transform limited pulse duration (τ 0 ) at a given x position is chosen to be 350 fs. Thus, the local pulse duration remains 500 fs after the chirp.
In Eq. (6), v is the spatial chirp rate and τ = τ 0 / √ 2 log 2. The PM condition is presented in Eq. (7) . The definition of OP as a function of φ 2 and v can be found in Eq. 19 of the supporting information. tan (γ) = vφ 2 c/n g (7) One can also choose a smaller input OP bandwidth together with a larger φ 2 . However, this leads to a temporal broadening of the OP at each spatial point, which is not in favor of the terahertz generation process. With the given OP beam size (σ x =0.5 mm), this scheme delivers the highest conversion efficiency and a spatially homogeneous few-cycle terahertz field. However, the disadvantage is that the input OP must contain a large bandwidth. Additionally, since the bandwidth of the OP is related to the input beam size (see Eq. (6)), this scheme is not applicable to large OP beam size.
Conclusion
Due to the non-collinear phase-matching, frequency downshifted optical components generated via the second-order effect, possess large angular spread. This leads to a spatial and temporal break-up of the optical pump, limiting the terahertz generation efficiency and reducing the few-cycle character of the generated terahertz fields. Additionally, large angular diffraction of the terahertz reduces the out-coupling efficiency of the terahertz fields which reduces the overall efficiency further. The simulations suggest that with lower OP input intensity, the terahertz electric field is closer to the single-cycle format along the x dimension and the terahertz beam size increases (see supporting information).
The CG and STC schemes form continuous TPF, where the PM condition is fulfilled along the entire transverse dimension. For the schemes related to beamlets (NLES, RES and MSPM), the entire beamlet-train forms the TPF with the required tilt angle. However, each individual beamlet itself has an offset with respect to the perfect TPF surface. Given a short interaction length, the discrete TPF schemes can not outperform the continuous TPF schemes in terms of efficiency. The MSPM scheme delivers the lowest efficiency and for large OP beam size, the efficiency is comparable to the RES scheme. We do not recommend MSPM scheme for small OP beam size. Among all 3 discrete TPF schemes, the NLES has the best performance in terms of efficiency and terahertz beam quality.
Schemes CG, NLES and RES, are applicable for a large range of parameters such as OP energy, bandwidth and beam size. Within these three schemes, the CG favors smaller interaction length (small beam size) and narrower OP bandwidth due to the large angular dispersion. NLES has a potential of delivering large and homogeneous terahertz beam because of the plan-parallel shape of the LN crystal and the smaller imaging errors in comparison to the CG scheme. Additionally, the generated terahertz spectrum does not depend on the OP beam size. The NLES and RES schemes require manufacturing µm sized structures, which is time consuming and prone to manufacturing errors.
Due to zero initial angular dispersion, the STC scheme delivers the highest conversion efficiency and spatially homogeneous few-cycle terahertz field. However, the OP pulse has to be broadband. Due to the spatial chirp, the bandwidth scales linearly with the OP beam size, making this scheme not applicable to large OP beam sizes. A summary of the advantages and disadvantages of each scheme is listed in Table 3 . Please note that the item "σ x scalability" is equivalent to large input OP energy since the maximum fluence is limited by the damage threshold of the LN crystal.
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